A theoretical method for calculating the energies and wave functions of an electron bound to a shallow donor in a semiconductor, subject to an applied magnetic field, is presented. This approach is particularly useful for describing highly excited Landau-like states, which cannot be dealt with properly using most other theoretical models. First, an adiabatic high-field approximation is used where mixing between different Landau-like states is neglected. Solving the one-electron Schrödinger equation is then reduced to finding solutions to a one-dimensional differential equation for motion along the field axis. We present results in which a finite-difference technique is used to solve this equation numerically. Values for the electron wave function at discrete points along the field axis are then determined. By calculating the discrete Fourier transform of this set of values, an analytical form for the wave function in terms of sines and cosines is obtained. These resultant wave functions are then used to calculate a Hamiltonian matrix in which mixing between different high-field states is included. Diagonalization of this matrix yields improved values for the energies of the impurity states. Where previous results exist, our results are compared with those of other theoretical approaches and from experiments on the donor in GaAs. The advantage of our approach is that it enables both energies and wave functions to be determined without any prior assumptions of the form of the wave function in the field direction. This includes expressions for highly excited states which are difficult to obtain by other means. The results demonstrate the validity of the present method of calculation. ͓S0163-1829͑98͒08315-5͔
I. INTRODUCTION
The theoretical description of shallow donor impurities in semiconductor structures has been a major area of interest for many years. An exact analytical solution of the Schrö-dinger equation for the donor electron in a magnetic field has not yet been found and so approximate methods must be used. Many different approaches have been employed in both bulk and quantum-well ͑QW͒ systems, of which the most common have been perturbation, variational, numerical, and adiabatic methods. A good review of the earlier papers on bulk systems has been made by Zawadski. 1 In addition, many recent references to work on multi-QW systems are given in Ref. 2. In general, the influence of the semiconductor host on the interaction between a donor electron and the donor nucleus is taken into account through the introduction of an ''effective'' electron mass and the use of the proper dielectric constant of the medium. The problem is then equivalent to that of an isolated hydrogen atom in a magnetic field, except for field and energy scaling parameters. The effects of laboratory-strength magnetic fields can be equated to those of the intense magnetic fields that occur in the hydrogen-rich atmospheres of white dwarfs and neutron stars. Many calculations performed on hydrogen atoms in intense fields in order to understand the optical spectra obtained from these astrophysical objects can also be applied to the donor problem. A concise discussion of the differences between the hydrogen atom and a donor in a bulk semiconductor has been given by Klaassen. 3 Solutions to both the donor problem ͑and hence the intense-field hydrogen problem͒ fall into two categories. First, because of the strong similarity with the hydrogen atom, a common approach for weak-field calculations is to treat the effect of the applied magnetic field starting from the basis of zero-field hydrogenlike states. [4] [5] [6] [7] [8] [9] [10] However, many of the excited electron states observed experimentally in low-temperature bulk donor magneto-spectroscopy [11] [12] [13] [14] [15] [16] [17] cannot be explained within this basis. An alternative view is to consider a strong-field picture in which the Coulomb interaction between the donor electron and the impurity ion is taken to be small. This allows the behavior of the electron perpendicular to the magnetic-field axis to be described by Landau wave functions. There is a direct correlation between some of the high-field Landau-like states and the low-field hydrogenlike states. [17] [18] [19] [20] [21] However, there are in effect an infinite number of Landau-like states, generated by the highfield method, that do not have a hydrogenlike ͑zero-field͒ counterpart.
In this paper, we will refer to high-field states which correspond to hydrogenlike states as hydrogenic. The states can be labeled by three quantum numbers n, l, and m by analogy to the hydrogen atom. High-field states which do not correspond to states in the hydrogenlike picture will be referred to as Landau-like. In other papers, these states are also referred to as metastable or autoionizing states. The Landau-like states can be labeled by the quantities (N,m,), where N is the principal Landau index. refers to the number of nodes of the wave function in the field direction, and is introduced to distinguish between states with the same N and m.
It is obviously necessary to adopt a high-field approach if Landau-like states are to be described. One such approach will be adopted in this paper. As the motion of the electron perpendicular to the magnetic-field direction is described by Landau wave functions in these approaches, the calculation reduces to solving a one-dimensional problem for motion along the field direction. This equation can be solved approximately by a variety of variational and related methods, 4, 5, 13, [23] [24] [25] [26] or by numerical approaches. 19, 22, [26] [27] [28] [29] A discussion of different variational wave functions was given in Ref. 30 . Within manifolds of states with a given symmetry and magnetic quantum number m, the Landau-like states are nearly always excited states. As a result, the majority of the theoretical methods do not, or only with difficulty, yield reliable data on energies and wave functions of these states. Therefore, despite the large amount of work already performed, there is still a continuing interest in formulating a good model for these highly excited states in bulk III-V semiconductors. 11, 12, 31, 32 The model will be developed for shallow donor impurities in bulk semiconductors, and applied particularly to GaAs in order to compare with experimental results. The results will also be compared to those from other theoretical models. By simple scaling of the magnetic field and energy, the results are directly applicable to donors in other semiconductors and to the hydrogen atom as well. Moreover, the method of calculation employed can be extended easily to describe impurities in QWs by modifying the wave functions to take the confinement effects of the QW potential into account. The QW case will not be considered here, because it is important that an accurate model for an impurity in the bulk case is formulated first of all. However, the viability of the method for QW and multi-QW devices will be discussed at the end of the paper in the context of future studies.
II. THE THEORETICAL MODEL

A. The Hamiltonian of the system
The Hamiltonian for a shallow donor impurity subject to a magnetic field B along the z axis, can be written in the form HϭH ϩH z ϩH r , where
,
Due to the symmetry of this system, a symmetrical form for the magnetic vector potential has been used and the Hamiltonian expressed in terms of cylindrical coordinates. For the sake of generality, the Hamiltonian is written in dimensionless form such that lengths are given in units of effective where ⑀ is the effective permittivity and m* is the effective mass of an electron in the medium under consideration. L z is the operator associated with the orbital angular momentum of an electron about the field axis, and ␥ is a dimensionless form of the magnitude of the applied field given by
͑2.3͒
B. High-field approximation
If the effect of the Coulomb interaction on the donor electron is much less than that of the magnetic field in the direction perpendicular to the field axis, the component of the Hamiltonian operating on the and coordinates can be approximated to H only. Also, the Coulomb interaction does not mix together different Landau states. The solution of the modified Schrödinger equation in the directions perpendicular to the field axis is then given by normalized Landau wave functions
͑2.4͒
where is the dimensionless variable ␥ 2 2 /2 and n is the non-negative integer NϪ(mϪ͉m͉)/2. Substituting the Landau wave function into Eq. ͑2.1͒, multiplying by its complex conjugate and integrating over the and directions leads to
where
͑2.5͒
The Schrödinger equation then reduces to
which is a one-dimensional differential equation in z. The function f Nm (z) is the ͑as yet unknown͒ impurity wave function along the magnetic-field axis for given N and m.
C. Finite-difference calculation and Fourier transforms
Equation ͑2.6͒ can be solved approximately using a number of different methods. Using a variational approach, which assumes a specific form for f Nm (z), the values of E for the impurity states can be estimated readily. 4, 5, [23] [24] [25] [26] The advantage of these methods is that f Nm (z) obviously has an analytical form, which is useful when using the wave functions in further calculations such as of the polaron effect. However, as the form is assumed, this is likely to lead to inaccuracies in other aspects of the calculations. Another approach is to solve the equation using numerical methods. This is likely to give more accurate values for the energies than the variational approach but the drawback is that an analytical form for the wave function is not directly obtained. 18, 21, [26] [27] [28] [29] In this paper, we adopt a different approach to the impurity problem in which numerical results obtained using finite-difference techniques are Fourier transformed to obtain an approximate analytical form for the wave function. No prior assumption of the form of the wave function is made. The analytical wave functions are then used as basis functions for an improved calculation in which the limit of no admixing of Landau states imposed by the high-field limit is lifted. They are also used to obtain transition probabilities. The states are suitable for use as a basis for a calculation of the magnetopolaron effect, although this is not attempted in this paper.
The finite-difference approximation ͑as described in Ref. 34 , for example͒ is used to solve the one-dimensional differential equation ͑2.6͒ by dividing the z direction into n discrete points. A set of n linear equations involving the values of f Nm (z) at each point are deduced. These linear equations can be solved using matrix methods to obtain a series of n possible values of E and a corresponding set of n values of f Nm (z). The finite-difference approach requires knowledge of the boundary conditions for the differential equation. Therefore, for the case of an impurity in a bulk semiconductor material, we assume a finite width L in the z direction into which the donor electron is confined. The boundary conditions are therefore taken to be f Nm (z)ϭ0 at zϭϮL/2, taking the impurity to be at zϭ0. This confined case is expected to be equivalent to the bulk case.
Like other numerical methods, the finite-difference calculation described so far only produces discrete numerical values for f Nm (z). However, these values can be used to obtain an approximate analytical form for the wave function by taking the discrete Fourier transform of the set of n values f Nm (z). This in turn allows the wave functions to be written as a combination of sine and cosine functions. The analytical forms for the z component of the impurity wave function are thus
where ␣ k Nm are the Fourier coefficients obtained from the transform of the n values of the normalized functions f Nm (z). The quantum number ͓corresponding to the number of nodes of f Nm (z) along the z axis͔ distinguishes between possible states with the same values for the quantum numbers N and m.
Admixing of Landau states
The method discussed above employed the high-field approximation, in which the mixing between different Landau states by the Coulomb interaction was neglected. However, as analytical forms for the impurity wave function have been obtained in this limit, improvements can be made by using the states as basis functions for a more complete impurity wave function. Thus a basis state with quantum numbers N, m, and will have the form
͑2.8͒
As the Hamiltonian mixes Landau states having different values for N and , it is necessary to evaluate matrix elements of the form
If NϭNЈ, the results from the finite-difference calculation can be used directly. Also, since the diagonalization procedure in the finite-difference calculation results in orthogonal states, the matrix elements of the Hamiltonian could be replaced by the original value of the energy of a given state if ϭЈ, or zero if Ј. However, these values for the energies are not used here for reasons which will be given in Sec. III. Therefore expression ͑2.9͒ is used to calculate all the matrix elements. A matrix is thus constructed, which ideally would encompass all values and an infinite set of values N. However, it is obviously necessary to restrict the matrix to a reasonable size by carrying out the summation to some maximum value N max . It is a straightforward matter to diagonalize the resulting matrix using computational means. The resulting impurity wave function is then written as
where the ␤ Nm are coefficients obtained from the diagonalization procedure.
Transition probabilities
In order to ascertain which of the many impurity states predicted are most likely to be involved in experimental observations, the probability of transition from the ground state ͓(0,0,0)ϵ1s͔ is calculated for each of the states using the impurity wave functions obtained in Eq. ͑2.10͒. In the Faraday configuration, where the transition-inducing radiation is applied in the same direction as the magnetic field, the transition probability is proportional to ͉͗⌿Ј͉x͉⌿͉͘ 2 ͑to a first approximation͒. For transitions to and from the ground state of the impurity, for which mϭ0, it can be shown that if ⌿Ј is an even parity state and mЈϭ1, then
If ⌿Ј is an even-parity state and mЈϭϪ1, then
The transition probability is otherwise zero in this configuration. In the Voigt configuration, for which the radiation is applied perpendicular to the magnetic field, the transition probability is proportional to ͉͗⌿Ј͉z͉⌿͉͘ 2 . Therefore, the transition probability is nonzero if ⌿Ј is an odd-parity state and mЈϭ0 such that
The relative magnitudes of the transition probabilities involving each impurity state can be obtained directly from these equations. From these results, the states which are most likely to be involved in transitions to and from the ground state can be obtained.
III. RESULTS AND DISCUSSION
A. Validation of the method
The adiabatic finite-difference calculation described in Sec. II has been carried out initially for impurity states with quantum numbers Nϭ0 and mϭ0 in a magnetic field for which ␥ϭ1. Although the model is not designed to work best for these predominantly low-field hydrogenlike states, we can conclude that if it works reasonably well for these states, it will work much better for the high-field Landau-like states. The width of the sample L in the calculation was taken to be 100a 0 * and the number of points used was chosen to be nϭ199. The results show that the ground state has even parity with no nodes (ϭ0) along the field axis, and the next-lowest state is an odd-parity state with ϭ1. These states are therefore labeled ͑0,0,0͒ and ͑0,0,1͒, respectively. It is well known that these states correspond to the hydrogenlike 1s and 2p 0 states, respectively. 1 As the wave function f (z) has already reduced to zero by ͉z/a 0 ͉у10, it seems reasonable to assume that these states will be unaffected by the finite width imposed on the bulk sample. In fact, this finite width only becomes important for highly excited impurity states. Since the confinement is in the z direction only and the quantum numbers N and m denote the behavior of the donor electron perpendicular to this direction, it also follows that only states with large will be affected.
The discrete Fourier transforms of the values of f (z) for each of the low-lying states have been calculated to obtain the Fourier coefficients ␣ k Nm . The magnitudes of the coefficients with wave number k for the ͑0,0,0͒ and ͑0,0,1͒ states are plotted as histograms in Figs. 1͑a͒ and 1͑b͒ respectively. It is found that for even-parity states, the values obtained for the Fourier coefficients for which k is even are effectively zero. This is to be expected since we are imposing the condition that f (z)ϭ0 at zϭϮL/2; this is only satisfied for even-parity states if k is odd. Similarly, the coefficients for odd-parity states are effectively zero if k is even. Therefore, only half of the possible value of k need to be considered for any given wave function. However, it should be noted that that if the impurity is positioned away from the center of the sample ͑or well͒, then odd-and even-parity states will mix and the wave functions will be composed of both sine and cosine terms. However, since we are looking at the problem of an impurity in a bulk material, it is reasonable to impose artificial boundary conditions which are symmetric about the impurity center.
As can be seen in Fig. 1 , the magnitudes of the Fourier coefficients fall off almost to zero with larger values of k. Therefore, we expect the accuracy of the results to change only slightly if the number of points n in the finite-difference calculation, and therefore the number of sine/cosine terms in the wave function f (z), is increased above nϭ199. We also expect that for states with higher values of , the higher k terms will be increasingly less important. This is because these states are energetically more excited and therefore not as strongly bound to the impurity ion by the Coulomb interaction. This will result in less mixing of free-electron states. This conclusion is supported by the histogram shown in Fig.  1 for the ͑0,0,1͒ state which shows a fall off slightly quicker with increasing k than that found with the ͑0,0,0͒ state.
The effect on the energy of the ͑0,0,0͒ ground state of varying n up to 199 is shown in Fig. 2 . The figure shows both the energies obtained directly from the finite-difference calculation and the energies obtained using the wave functions from the Fourier transformation to calculate the Hamiltonian matrix followed by its diagonalization to find the im- purity energies. For simplicity, the Hamiltonian matrix was constructed using Nϭ0 states only. As can be seen, both methods appear to be converging to some definite value for the ground-state energy as n increases. However, the wavefunction method appears to approach this value more quickly than the finite-difference method, and to have a smaller dependence on n. This is why, when the Hamiltonian matrix elements are calculated as described in Sec. II C 1, we do not use the energy value directly from the finite-difference method alone. We feel that the wave function result has converged sufficiently by nϭ199 to render further computationally intensive calculations with higher values of n unnecessary.
B. Ionization energies
As the method presented here is essentially a high-field approach it can be expected to work best for the Landau-like states. They are also the states which have received least attention in the literature. We will therefore concentrate on these now. Figure 3 shows a plot of the ionization energies of the ͑1,0,1͒, (1,Ϫ1,0), ͑3,1,0͒, and ͑4,1,0͒ metastable states calculated using our method. ͑The scatter on our points is due to taking only nϭ199 points in the calculations.͒ The figure also reproduces results of the variational method of Barmby et al. 1 It can be seen that the agreement between the two approaches is excellent for the ͑3,1,0͒ and ͑4,1,0͒ states. The ionization energies predicted here for the ͑1,0,1͒ and (1,Ϫ1,0) states are higher than the variational results: a plot on an expanded scale shows the differences to be around 0.03R y * . However, this means the variational state has a higher actual energy than that predicted here, so our new state is a better approximation to the true state than the variational one. Results obtained up to ␥ϭ1 for the ͑1,0,1͒ and (1,Ϫ1,0) states by Friedrich and Chu 22 using a standard discretization technique have also been plotted on the figure. They agree very closely with those of the current calculations.
Experimental magneto-optical data has already been obtained on impurities in bulk GaAs. 11 The experimental data has been converted to dimensionless units and stripped of its material-specific character by removing the small band nonparabolicity and nonresonant electron-phonon coupling effects. A correction was also applied to account for the change in effective mass with field and energy. These results were then found to agree well with the results of the variational calculations. 11 The variational calculations have recently been repeated and extended to higher excited states and material-specific effects included in the parametrization. 18 These authors also find excellent agreement between these results and experiment.
C. Hydrogenic states
Although our method is not expected to be as accurate for low-lying hydrogenic states as for the Landau-like states, it is instructive to compare our results with those of the many previous calculations for these states. [4] [5] [6] [7] [8] [9] [10] Here, we will concentrate on the results of Makado and McGill 8 because they give tables of values for fields up to ␥ϭ5. However, the choice is not important as the discrepancies between Makado and McGill's results and those of others is much smaller than the experimental uncertainties on magneto-optical results for impurities in GaAs. For example, the differences between their predictions for the 1s and 2s states and those of Praddaude 9 or Rösner et al. 27 are at most 2.8ϫ10 Ϫ4 R y * , and with those of Shi et al. 10 0.018R y * . Figure 4 shows the calculated energies for the ͑0,0,0͒, ͑0,0,2͒, and ͑1,1,0͒ states, which correspond to hydrogenic 1s, 2s, and 2 p ϩ1 states, respectively, together with the results of Ref. 8 . The results are given as a function of magnetic field both without admixing of different Landau states and with admixing up to N max ϭ7. It can be seen that there is a significant discrepancy between the energy of the ͑0,0,0͒ ground state excluding admixing and the result of Makado and McGill. 8 This is because the donor electron in its ground state is tightly bound to the impurity ion by the Coulomb interaction and so a theoretical method ͑such as ours͒ which does not take into account the effect of the Coulomb interaction is unlikely to be accurate. However, when the admixing of Landau states is included, there is much better agreement for higher values of field. Nevertheless, the method described here is still inaccurate at the lower values of ␥. Although possibly the problem at these lower ␥ values could be reduced by taking a larger value of N max the construction of a wave function in terms of Landau states in this regime remains inappropriate for a situation where the effect of the magnetic field is negligible compared to that of the Coulomb interaction.
Although the energies of the ͑0,0,2͒ and ͑1,1,0͒ impurity states neglecting the admixing of Landau levels deviate significantly from the hydrogenic values, the values including admixing are still close to those of hydrogenic methods. At ␥ϭ0.1, the difference between the energies obtained with admixing included and those from the variational calculations are 0.04R y * and 0.01R y * for the ͑0,0,2͒ and ͑1,1,0͒
states, respectively. For these excited states, the donor electron is not as tightly bound to the impurity ion as in the case of the ground state and so the Coulomb interaction is not so dominant. Hence the high-field approach is a more reasonable approximation. It can be seen from the figure that the agreement between the results of the present approach and those of weak-field models becomes even better towards higher magnetic field.
D. Transition energies
The energies calculated above can also be used to predict transition energies. These results can then be compared to experimental transition energies obtained for impurities in n-type GaAs. 11, 12 As our calculations are not accurate for the ground state, we have calculated our energies relative to the energy of the ͑0,0,0͒ state obtained by Makado and McGill. 8 To express the calculated values for magnetic fields and energies in nondimensionless units appropriate to GaAs, values of ⑀ϭ12.5⑀ 0 , m*ϭ0.067m e , a 0 *ϭ98.7 Å, and R y * ϭ5.83 meVϭ47.0 cm Ϫ1 were used. When admixing is included, a whole set of impurity energies is produced; it is not immediately obvious which states should be considered. Therefore we have examined the magnitudes of the wave-function coefficients ␤ Nm from Eq. ͑2.10͒ to find the dominant basis state involved in a given admixed state. In this way, a given admixed state can be labeled (N,m,) according to its dominant contribution. To confirm this identification, the transition probability between each selected state and the ground state has been calculated using Eqs. ͑2.11͒, ͑2.12͒, and ͑2.13͒. A plot of the transition probabilities for mϭ1 states in the Faraday configuration against their theoretical transition energies for different ␥ values is given in Fig. 5 . The ͑1,1,0͒ and ͑1,1,2͒ states were omitted in order to highlight the peaks belonging to more excited Landau-like states, as their transition probabilities are much greater than those shown. The results for a given field have also been joined by a solid line as a guide to the eye. For the calculation of these transition probabilities, the present method was used to estimate the form for the ground-state wave function although the ground-state energy values of Ref. The theoretical and experimental results for transitions from the ͑0,0,0͒ ground state have been plotted for a range of magnetic fields and impurity states in Figs. 6͑a͒-6͑d͒. Many of these excited states are difficult to predict using other models. These figures show that the theoretical transition energies agree very well with the experimental values. They are most accurate for high-energy states, although the calculations do tend to consistently overestimate the transition energies at higher fields. This deviation is probably the result of not correcting for material-specific factors, of which the most important will be the polaron interaction involving the donor electron and longitudinal-optical phonons. This is known to be very important for fields at which anticrossing of impurity transition energies occurs in the region of 300 cm
Ϫ1
. However, away from this region, calculations 35 indicate that the effect induces an energy lowering of the order of 1.5 cm
. As calculations of the polaron effect involve using secondorder perturbation theory and the Frölich Hamiltonian, 35 it is necessary to have an analytical form for the impurity wave functions. Hence the results of our calculations could be used directly here. Indeed, since the impurity wave function is calculated in terms of sine and cosine functions, such a calculation will be simpler with this method than with other methods. This is an area for future consideration, especially if the procedure is extended to quantum wells where it is known that the polaron effect is measurably larger.
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IV. CONCLUSIONS
In this paper, we have put forward a theoretical approach to modeling the properties of shallow donor impurities in bulk semiconductors. In particular, the highly excited Landau-like states can be dealt with accurately. The method has the advantage of not assuming a form for the wave functions of the impurity states, while at the same time being able to obtain analytical expressions for these wave functions. Furthermore, impurity wave functions are expressed in the relatively simple form of a linear combination of sine and cosine functions which will make further calculations easier; for example, the calculation of transition probabilities or the possible estimation of the polaron correction. Comparing the theoretical results from this approach with those from other models, both for hydrogenlike and Landau-like states, and available experimental data for bulk n-GaAs, the method has been shown to predict accurately the energies of excited impurity states very well.
The method used for the finite-difference calculation modeled a bulk sample by a sample of large finite width L along the magnetic-field direction. The model is in fact that of a very wide quantum well. By reducing the value of L, the theoretical approach can therefore be applied to the modeling of impurities in QW structures. It should also be a relatively simple matter to modify the theory to describe impurities in MQW structures. Because the method does not require an assumed form for the impurity wave function, the effect of the varying barrier potential can simply be taken into account in the Hamiltonian. For magnetic fields applied perpendicularly to the barriers, only f Nm (z) needs to be modified, and this simply affects the equation to be solved by the finitedifference method.
